In this paper we derive a generic form of structural decomposition for the constraint satisfaction problem, which we call a guarded decomposition. We show that many existing decomposition methods can be characterised in terms of finding guarded decompositions satisfying certain specified additional conditions.
Introduction
reducing a given problem instance to an equivalent instance with a simpler structure, which can then be solved efficiently. The maximum number of edges of the original structure which are combined to form a single element of this equivalent simpler structure is called the width of the decomposition.
In this paper we present a generic, abstract form of decomposition, which we call a guarded decomposition, and we describe a generic algorithm to compute guarded decompositions. We show that many of the earlier decomposition methods can be viewed as special cases of guarded decomposition, each characterised by some simple additional conditions.
One existing decomposition method, based on the use of hypertrees [10, 11, 12] , is of particular importance as it is has been shown to be strictly more general than many other decomposition methods. It has also been shown that it is tractable to discover hypertree decompositions of width at most k, for each fixed choice of k. Our work draws heavily on the ideas introduced by Gottlob, Leone and Scarcello in their work on hypertrees [10, 11, 12] , including the notion of a guarded block, the recursive decomposition strategy, and the tools for comparison of different methods.
The general framework presented here allows us to identify a new decomposition method, which we call spreadcut decomposition. We show that spread-cut decomposition generalises many of the methods previously shown to be generalised by hypertree decomposition. We also show that it is tractable to discover spread-cut decompositions of width at most k, for each fixed choice of k. Finally we exhibit a family of hypergraphs H n , for n = 1, 2, 3 . . ., where the width of the best hypertree decomposition of each H n is 3n, but the width of the best spread-cut decomposition is only 2n + 1.
Constraint Satisfaction Problems and Hypergraphs
A constraint satisfaction problem (CSP) consists of a collection of variables that must be assigned values from some given domain. The values that the variables can take are not independent; they are restricted by constraints. Each constraint restricts the allowed simultaneous assignments to a certain subset of the variables.
Definition 2.1 A CSP instance is a triple P = V, D, C where:
• V is a finite set of variables;
• D is a set called the domain of P ;
• C is a set of constraints. Each constraint c ∈ C is a pair c = χ, ρ where χ ⊆ V is a set of variables, called the scope of c, and ρ ⊆ D χ is a set of functions from the scope of c to the domain of P , called the relation of c.
A solution to the CSP instance P = V, D, C is a function from V to D whose restriction
1 to the scope of any constraint c ∈ C is one of the functions in the relation of c. The hypergraph H AG , which is the structure of the CSP instance P AG , defined in Example 2.2.
In order to study the structural properties of CSP instances, that is, the way in which the constraint scopes overlap each other, we need the standard notion of a hypergraph.
Definition 2.3 A hypergraph is a pair H = V, E , where V is an arbitrary set, called the vertices of H, and E is a set of subsets of V , called the hyperedges of H.

Definition 2.4 For any CSP instance P = V, D, C , the structure of P , denoted σ(P ), is the hypergraph V, {χ | χ, ρ ∈ C} .
Example 2.5 Recall the CSP instance P AG defined in Example 2.2. The structure of P AG is the hypergraph H AG illustrated in Figure 1 . The set of vertices of H AG is the set {1, 2, . . . , 10}, and the eight hyperedges of H AG are the following subsets of these vertices: e 1 = {1, 2}, e 2 = {2, 3, 9}, e 3 = {3, 4, 10}, e 4 = {4, 5}, e 5 = {5, 6, 9}, e 6 = {6, 7, 10}, e 7 = {7, 8, 9}, e 8 = {1, 8, 10}.
Guarded Decompositions
Two CSP instances with the same set of variables are called solution-equivalent if they have the same set of solutions. As we will argue in Section 5, all known structural decomposition methods take CSP instances and transform them into solution-equivalent instances with simpler structure. The constraints of these transformed instances are obtained by calculating the relational joins of certain constraint relations in the original instances, and then projecting these onto new scopes. To describe this general transformation scheme we introduce the following terminology.
Definition 3.1 A guarded block of a hypergraph H is a pair λ, χ where the guard, λ, is a subset of the hyperedges of H, and the block, χ, is a subset of the vertices of the guard.
For any guarded block b, the guard of b will be denoted λ(b) and the block of b will be denoted χ(b). For any set of hyperedges λ, we will write (∪λ) to refer to the set of all vertices contained in edges of λ; that is, (∪λ) = e∈λ e.
Definition 3.2 For any CSP instance P , and any guarded block b of σ(P ), the constraint generated by P on b is the constraint χ(b), ρ , where ρ is the projection onto χ(b) of the relational join of all the constraints of P whose scopes are elements of λ(b).
Given a CSP instance P , with structure H, and a collection of guarded blocks of H, we can generate constraints on each of these guarded blocks to obtain a new collection of constraints, and hence a new CSP instance. In some cases, if the guarded blocks are carefully chosen, this new instance will be solution-equivalent to P , and so can be used to solve P . If this property holds for any CSP instance with structure H, then the collection of guarded blocks will be called a guarded decomposition of H, which is formally defined as follows: Definition 3.3 A set of guarded blocks Ξ of a hypergraph H is called a guarded decomposition of H if for every CSP instance P = V, D, C with structure H, the instance P = V, D, C , where C is the set of constraints generated by P on the members of Ξ, is solution-equivalent to P . Example 3.4 For any hypergraph H = V, E there are two trivial guarded decompositions.
The set { {e}, e | e ∈ E} is a guarded decomposition. For every instance P with structure H, the generated instance is P itself, where constraints over the same scope are merged by taking the intersection of their relations. Thus, the generated instance is clearly solution-equivalent to the original one.
The set { E, V } is also a guarded decomposition. For every instance P with structure H, the tuples of the generated instance are exactly the solutions to the instance P . Theorem 3.6 below gives a simple and efficient way to determine whether a given collection of guarded blocks is in fact a guarded decomposition, based on the following properties. 
Theorem 3.6 A set of guarded blocks Ξ of a hypergraph H is a guarded decomposition of H if and only if it is a complete guarded cover for H.
Proof: Let Ξ be a set of guarded blocks of a hypergraph H = V, E .
Suppose that Ξ is not a complete guarded cover for H. Choose e ∈ E such that there is no guarded block λ, χ ∈ Ξ for which e ∈ λ and e ⊆ χ. We will construct an instance P e with structure H which will witness the fact that Ξ is not a guarded decomposition of H.
Let the domain of P e be D = {0, 1}. For each edge f ∈ E, f = e, let the constraint of P e with scope f allow all mappings from f to D. Finally let the constraint of P e with scope e, c e , allow all mappings from e to D except for the mapping that assigns the value 0 to all the vertices of e simultaneously. Now let λ, χ be any guarded block in the set Ξ. If e ∈ λ then the constraint generated by P e on λ, χ allows every assignment. On the other hand, if e ∈ λ, then, by the choice of e, we know that e ⊆ χ. However, any projection of c e onto any proper subset of e allows all assignments, so again the constraint generated by P e on λ, χ allows every assignment.
Since all constraints generated by P e on all elements of Ξ allow every assignment, the resulting CSP instance is not solution-equivalent to P e , and hence Ξ is not a guarded decomposition of H.
For the converse, suppose that Ξ is a complete guarded cover for H. Let P be an arbitrary CSP instance with structure H. We have to show that the CSP instance P Ξ obtained by taking the constraints generated by P on each element of Ξ is solution-equivalent to P .
Clearly, any solution to P is a solution to P Ξ . On the other hand, by the completeness of Ξ, and the construction of P Ξ , the projection of any solution to P Ξ onto any edge e ∈ E must be allowed by the constraint of P with scope e. Hence any solution to P Ξ is also a solution to P .
Tractability
The classes of CSP instances that we shall be identifying in this paper are classes which are defined purely in terms of the structure of their instances, without imposing any restrictions on the constraint relations.
Definition 4.1 A class I of CSP instances is called structural if there is some class of hypergraphs H for which
We have shown in the previous section that a guarded decomposition for a hypergraph H can be used to associate any CSP instance whose structure is H with a solution-equivalent instance having a different structure, which may be easier to solve.
We shall now consider structural classes of CSP instances which are defined as the class of all instances whose structure has a guarded decomposition of a certain kind. The most important structural classes of this kind are those which are tractable, in the following sense. To ensure that the structural classes defined using a class of guarded decompositions is tractable, it is sufficient to ensure that the class of guarded decompositions used in the definition has the following properties.
Tractable discovery For any given hypergraph it must be possible to decide in polynomial time whether there exists a guarded decomposition of the type we are considering, and, in the process, obtain such a decomposition if it exists.
Tractable construction Given such a guarded decomposition, it must be possible to generate each of the new constraints in the corresponding solution-equivalent instance in polynomial time.
Tractable solution Given such a solution-equivalent instance, it must be possible to solve the resulting instance in polynomial time.
We will now examine what conditions can be imposed on a class of guarded decompositions to ensure that it has each of these properties, starting with the most straightforward property.
Tractable construction
The time complexity of a relational join operation is O(r k ), where k is the number of relations being joined, and r is the maximum number of tuples in any of these relations. Hence to ensure that we have the tractable-construction property, it is sufficient to bound the number of constraint relations that need to be combined using the relational join operation. This can be done by bounding the number of hyperedges in the guard of any guarded block used in the decomposition. For any fixed value of k, the class of guarded decompositions of width at most k has the tractable-construction property.
Tractable solution
For a class of guarded decompositions to have the tractable-solution property we require that the new instance obtained by using any guarded decomposition in the class can be solved in polynomial time. One way to achieve this is to ensure that the structure of these new instances is acyclic [3] . The property of being acyclic can be defined as follows: Since Ξ is a cover of H, for each hyperedge e of H there is some b e ∈ Ξ which covers e. Now consider any join tree for Ξ. For each guarded block {e}, e which is not in Ξ, add it to this tree as an additional node, and connect it to the existing node b e . The resulting graph is a join tree for Ξ ∪ { {e}, e | e ∈ E}.
In view of this result, we shall focus in the rest of the paper on methods to find acyclic guarded covers.
Tractable discovery
It follows from the results above that, for any fixed choice of k, any CSP instance whose structure has an acyclic guarded cover with width at most k can be solved in polynomial time by generating an associated solution-equivalent instance whose structure is acyclic.
However, to define a tractable structural class we still need some way to determine in polynomial time whether a given instance has such a guarded cover or not. We now introduce a very general algorithmic approach to this problem and identify conditions which are sufficient to ensure that this approach is effective.
Before describing our algorithmic approach we need some further definitions. Example 4.9 Consider again the hypergraph H AG defined in Example 2.5 and illustrated in Figure 1 .
If we set χ = {3, 7, 10}, then there is just one χ-component: {1, 2, 4, 5, 6, 8, 9}. If we set χ = {3, 6, 7, 9, 10}, then there are two χ-components: {4, 5} and {1, 2, 8}. If we set χ = {2, 3, 6, 7, 9, 10}, then there are again two χ-components: {4, 5} and {1, 8}. Definition 4.10 Let H be a hypergraph and let T be a tree whose nodes N are guarded blocks of H. For any pair of adjacent nodes n and n of T , we define the n -branch of T with respect to n, denoted br n (n ), to be the set of nodes of T whose (unique) path to n includes n .
We define the vertices of br n (n ), denoted χ(br n (n )), to be the vertices in the blocks of the elements of br n (n ) which are not in χ(n). That is,
Proposition 4.11 Let H be a hypergraph, and let T be a join tree of a guarded cover of H. Then T satisfies the following conditions:
JT1 For every arc n, n of T , and every edge e of H, if e ∩ χ(br n (n )) = ∅, then e is covered by some node of br n (n );
Types:
β is a predicate on pairs of guarded blocks of H.
β-DECOMPOSE(H, b, C) :=
There exists a guarded block b , such that 
Proof: To see that JT1 holds, choose an arbitrary v ∈ e ∩ χ(br n (n )) = ∅. By Definition 4.10, v / ∈ χ(n). Hence, by the join-tree property, v does not belong to the block of any node in any other branch of T with respect to n. Since T is a join tree of a guarded cover, there must be a node
To see that JT2 holds, let v ∈ χ(br n (n )). It suffices to show that χ(br n (n )) contains the entire χ(n)-component to which v belongs. Thereto, let w be another vertex in this χ(n)-component. Hence, there exist edges e 0 , . . . , e m for which v ∈ e 0 − χ(n), w ∈ e m − χ(n) and, for i = 1, . . . , m, e i−1 ∩ e i ⊆ χ(n). We show that, for i = 0, . . . , m, (e i −χ(n)) ⊆ χ(br n (n )). For i = 0, this follows from JT1. Now let i > 0. As inductive hypothesis, assume that our claim holds for j = 0, . .
For our present purpose of ensuring the tractable discovery property, condition JT2 is not strong enough. Therefore, we now define a rooted variation of a join tree for a set of guarded blocks, which we call a decomposition tree. For a decomposition tree, we require that χ(br n (n )) is a single χ(n)-component whenever n is a child of n.
Definition 4.12 A decomposition tree, T , of a hypergraph H is a rooted join tree of a set of guarded blocks of H satisfying the following conditions:
DT1 For every arc n, n of T , and every edge e of H, if e ∩ χ(br n (n )) = ∅, then e is covered by some node of br n (n );
We are now ready to state and prove the main result of this section. If this depth is 0, then by the definition of β-DECOMPOSE, there exists a guarded block b of H such that: 
This also settles DT2. Finally, to show DT1, let e be an edge such that e ∩ χ(br
Now assume that the depth of recursion required to establish that β-DECOMPOSE(H, b, C) holds is greater than 0, and that the result holds in all cases where this depth is smaller. In this case we construct the rooted tree T b,C by linking all the trees T b ,C corresponding to recursive calls at their common root b , and then adding the node b as a parent of b . It remains to show that T b,C is a join tree satisfying DT1 and DT2, that every arc n, n of T satisfies β, and that C = χ(br b (b )).
To establish that T b,C is a join tree, note that, by the inductive hypothesis, each of the trees T b ,C used in the construction is a decomposition tree. Hence it only remains to show that To establish conditions DT1 and DT2, note that, by the inductive hypothesis, these conditions hold for every subtree used in the construction. Therefore, it suffices to show that 1. Every edge e of H with e ∩ C = ∅ is covered by some node of br b (b );
To show that every edge e of H with e ∩ C = ∅ is covered by some node of br b (b ) we note that if e ∩ C = ∅, then, by the definition of β-DECOMPOSE, we have two cases: 
For the reverse inclusion we first note that χ(b ) ⊆ C ∪χ(b), by the definition of β-DECOMPOSE. It only remains to show that, for any χ(b )-components C for which C ∩ C = ∅, we have that C ⊆ C. Assume for contradiction that C ⊆ C for some χ(b )-component C with C ∩ C = ∅. By the definition of χ(b )-connectedness, this implies that there exists some edge e of H such that e ∩ C ∩ C = ∅ but e ⊆ C. In other words, there are vertices v, w ∈ e such that v ∈ C ∩ C and
because we have already established that T b,C is a join-tree. However, by the inductive hypothesis, any such e is covered by some node of br b (b ), so w ∈ χ(b ), which yields the required contradiction.
Finally, to establish that every arc n, n of T satisfies β, note that by the inductive hypothesis β(n, n ) holds for every arc n, n in every subtree T b ,C used in the construction. Hence it only remains to show that β(b, b ) holds, and this follows immediately from the definition of β-DECOMPOSE.
(⇐=) For the converse result, assume that H has a decomposition tree T b,C with root b such that C = χ(br b (b )) for the unique child b of b in T b,C and every arc of T satisfies β. We will prove by induction on the depth of T b,C that β-DECOMPOSE(H, b, C) holds.
Since the root of T b,C has exactly one child, b , the depth of T b,C is at least 1. If this depth is exactly 1, then
Now assume that the depth of T b,C is greater than 1, and that the result holds in all cases where this depth is smaller. In this case, we consider the sub-trees of T b,C rooted at b and containing a unique child of b together with all its descendants (if any).
By the definition of a decomposition tree, each of these sub-trees is itself a decomposition tree 
We will show that C ⊆ C, and so By condition DT2 applied to the branch By DT1, the nodes of T form a guarded cover. As in the proof of Theorem 4.13, it is straightforward to show that T is a join tree, whence acyclicity. It follows that T is a decomposition tree in which every arc satisfies β.
The time required to establish that β-DECOMPOSE(H, b, C) holds, and hence compute a decomposition tree if one exists, depends on the time required to enumerate the elements of β, which will be denoted |β|. Proof: By Corollary 4.14, to decide whether H has an acyclic guarded cover with a decomposition tree where every arc satisfies β it is sufficient to determine whether the predicate β-DECOMPOSE (H, b, C In view of this result, we shall focus in the rest of the paper on methods to find acyclic guarded covers with a decomposition tree where every arc satisfies β, for some binary predicate β such that the time required to enumerate the elements of β is polynomial in the size of H. We have shown that these conditions are sufficient to ensure that the decompositions we consider have the tractable-discovery property.
Existing Decomposition Methods
We will now show that many existing decomposition methods for the CSP can be defined in terms of finding acyclic guarded covers using specified sets of guarded blocks.
In the examples below we explicitly show, by finding a suitable predicate β in each case, how we can use the algorithm of the previous section to tractably discover (sometimes slight generalisations of) many of these known decompositions.
We first note that, for historical reasons, some existing decomposition methods for the CSP make use of extended guards that contain both vertices and hyperedges. To be able to present all of these methods in a uniform way we introduce the idea of transforming a CSP instance by adding a unary constraint c v , for each variable v, where c v = {v}, {v} D . This corresponds to extending the structure of the instance to ensure that it includes a hyperedge for each variable.
Definition 5.1 Let H = V, E be any hypergraph. A guarded cover for the hypergraph V, E ∪ {{v} | v ∈ V } is called an extended cover for H.
The following result shows that the existence of an extended cover of width k is equivalent to the existence of a standard guarded cover of width k. This means that extended covers are simply a notational convenience and do not allow better decompositions.
Proposition 5.2 If a hypergraph H has an acyclic extended cover of width k, then H also has an acyclic guarded cover of width at most k with at most the same number of guarded blocks.
Proof: Let Ξ be an acyclic extended cover for a hypergraph H. Now replace every hyperedge in every guard with some hyperedge of H that includes it.
Since this process preserves all of the existing blocks, it is clear that the new set of guarded blocks obtained in this way is an acyclic guarded cover of the same or lower width, with the same number of guarded blocks (or possibly fewer).
Also for historical reasons, the width of some decompositions has been defined to be the maximum number of vertices occurring in any block of any guarded block. However, this measure hides the fact that, in order to compute the generated constraints, we have to compute the relational join of the edges in the guard. In fact, whenever we have an acyclic guarded cover with vertex-width k we can easily construct an acyclic guarded cover with (hyperedge) width bounded by k, as the next result makes clear.
Proposition 5.3 If a hypergraph H has an acyclic guarded cover with at most k vertices in any block, then H also has an acyclic guarded cover of width at most k with at most the same number of guarded blocks.
Proof: Let Ξ be an acyclic guarded cover of H with at most k vertices in any block. For each guarded block λ, χ of Ξ, and for each vertex v in χ, choose some hyperedge e v ∈ H such that v ∈ e v . Now replace each guarded block λ, χ with the guarded block {e v | v ∈ χ}, χ . It is clear that the width of this new guarded block is bounded by |χ|.
Since we are keeping all of the existing blocks it is clear that the new set of guarded blocks is still an acyclic guarded cover.
We also note that many existing decomposition methods are based on guarded covers in which every block is exactly the union of the edges of its guard.
Definition 5.4 A guarded block b is edge-defined if its block is exactly the set of vertices contained in the hyperedges of its guard, i.e., if χ(b) = (∪λ(b)). A set of guarded blocks is edge-defined if all of its guarded blocks are edgedefined.
Unfortunately it has been shown that the class of edge-defined acyclic guarded covers 2 does not have tractable discovery.
Theorem 5.5 [12] For any k ≥ 3 it is NP-hard to discover whether a hypertree has an edge-defined acyclic guarded cover of width at most k.
However we can easily show that those edge-defined acyclic guarded covers with tree decompositions do give us a tractable decomposition method.
Proposition 5.6 For any fixed k, the class of CSP instances whose structure has an edge-defined acyclic guarded cover of width k with a decomposition tree is a tractable structural class.
Proof: The number of edge-defined guarded blocks of width k for a hypergraph H = V, E is simply the number of distinct subsets of k edges, C |E| k , which for any fixed k is polynomial in the size of H, and this collection of subsets can be enumerated in polynomial time.
Hence, if we define β to be the predicate that holds for all pairs of edge-defined guarded blocks of H of width at most k, then the result follows from Theorem 4.15.
We now characterise many known structural decomposition methods in terms of a corresponding class of acyclic guarded covers where the elements are chosen from a specified set (see [10] for traditional definitions of the known decomposition methods).
For each of the examples except hypertrees we show that if H has a decomposition of width k, then this it has a decomposition of width k with a decomposition tree. In order to do this we use the following simple proposition.
Proposition 5.7 Let Ξ be any acyclic guarded cover of H. If, for any p, p ∈ Ξ, the set of vertices (χ(p) − χ(p )) is χ(p )-connected, then Ξ has a decomposition tree.
Proof: Let T be any rooted join tree of Ξ. Suppose that T has a node p with child s where χ(br p (s)) is more than one χ(p) component, say C 1 , . . . , C r . We modify T by replacing this branch with a collection of branches.
For i = 1, . . . , r, the ith new branch T i has nodes {r ∈ br
The parent of r in any T i is the first element of T i on the path from r to s in T . Clearly we still have an acyclic cover as we have not changed the set of guarded blocks. To see that the new tree is a join tree observe that the blocks from any two nodes from distinct T i must intersect inside χ(p).
We perform this process once for each non-leaf node of T and we obtain a decomposition tree for Ξ.
Example 5.8 A biconnected-component [9] decomposition of a hypergraph is an edge-defined acyclic complete guarded cover, Ξ, satisfying the following articulation condition:
It is trivial that any biconnected-component decomposition of H satisfies the conditions for Proposition 5.7, and so has a decomposition tree. It follows from this that biconnected-component decompositions can be tractably discovered using the algorithm described in Section 4 by choosing the predicate β that allows all pairs b 1 , b 2 of edge-defined guarded blocks of width at most k such that |χ(b 1 
Example 5.9 A cycle-hypercutset [10] decomposition of a hypergraph H = V, E is an edge-defined acyclic complete guarded cover, Ξ, satisfying the following simplicity condition:
We first show that the existence of a cycle-hypercutset decomposition of this kind is equivalent to the existence of a cycle-hypercutset, where a cycle-hypercutset of a hypergraph H = V, E is defined to be a set C ⊆ E such that
To see this equivalence, assume that C is a cycle-hypercutset of H and let T be a join tree of H C . Label each node e − (∪C) of T with the edge-defined guarded block whose guard is {e} ∪ C. This defines a rooted tree of guarded blocks which satisfies the join-tree condition and is a complete guarded cover of H.
Conversely, suppose that there is some C such that the set of edge-defined guarded blocks with guards {{e} ∪ C | e ∈ E} is an acyclic cover of H. Let T be a join tree for this set. It is clear that replacing the guarded block defined for e by the set of vertices e − (∪C) defines a join tree of H C , so H C is acyclic and C is a cycle-hypercutset.
It is trivial that any cycle-hypercutset decomposition satisfies the conditions for Proposition 5.7, and so has a decomposition tree.
However, it is not completely straightforward to discover cycle-hypercutset decompositions using the algorithm in Section 4, because the simplicity condition defined above becomes local only once we fix C. One possible approach is to run this algorithm for each C ⊆ E with |C| < k (which is at most polynomially often) and, in each run, define a predicate β C which holds for all pairs of edge-defined guarded blocks, b, of width at most k such that C ⊆ λ(b) and |λ(b) − C| ≤ 1.
Another approach is to note that cycle-hypercutset decompositions can be extended to a more general tractable class of decompositions, by defining a single predicate β which holds for all pairs of edge-defined guarded blocks,
Example 5.10 A cycle-cutset [7] decomposition of a hypergraph H is an edge-defined acyclic extended guarded cover, Ξ, satisfying the following simplicity condition:
An analogous proof to that for cycle-hypercutsets (Example 5.9) shows that the existence of a cycle-cutset decomposition of this kind is equivalent to the existence of a cycle-cutset, where a cycle-cutset of a hypergraph H = V, E is defined to be a set C ⊆ V such that
It is trivial that any cycle-cutset decomposition satisfies the conditions for Proposition 5.7, and so has a decomposition tree.
As with cycle-hypercutsets (Example 5.9), we can obtain a cycle-cutset decomposition in polynomial time using the algorithm defined in Section 4 by running the algorithm for each C ⊆ V with |C| < k, and in each run, defining a predicate β C which holds for all pairs of edge-defined guarded blocks, b, of width at most k such that {{x} | x ∈ C} ⊆ λ(b) and |λ(b) − {{x} | x ∈ C}| ≤ 1.
We note that cycle-cutset decompositions can also be extended to a more general tractable class of decompositions, by defining a single predicate β which holds for all pairs of extended edge-defined guarded blocks, b 1 , b 2 , of width at most k, such that all but at most one of the elements of λ(b 1 ) and of λ(b 2 ) consist of single vertices and
Example 5.11 A hinge-tree [14] decomposition of a hypergraph H is an edge-defined acyclic complete guarded cover, Ξ, satisfying the following separation condition:
The standard definition of a hinge-tree [14] is an acyclic cover of edge-defined guarded blocks with a join tree T which satisfies, for each arc
We will first establish that the existence of a hinge-tree T implies the existence of a hinge-tree decomposition as defined here. Since T is a join tree, it follows that, for every pair b 1 and b 2 of distinct nodes, we have that there exists e ∈ λ(b 1 ) such that χ(b 1 ) ∩ χ(b 2 ) ⊆ e, so the set of nodes of T satisfies the separation condition above and so forms a hinge-tree decomposition.
On the other hand, if we have a hinge-tree decomposition Ξ with join tree T , not all arcs need satisfy Equation 1. However, we will now show that by adding certain additional guarded blocks to T , we can transform it to a new join tree T with the same width 1 
Then we simply add the edge-defined guarded block with guard {e 1 , e 2 } and insert it into the join tree T between b 1 and b 2 .
Hence we have shown that for any k ≥ 2 the existence of a hinge-tree decomposition of width k as defined here is equivalent to the existence of a standard hinge-tree whose largest guard contains k edges.
We now show that we can transform any hinge-tree decomposition of width k to a hinge-tree decomposition of width at most k with a tree decomposition.
It was shown [14] that we can transform the decomposition so that each hinge is minimal without increasing the width. This means that each hinge p of the transformed decomposition has no separating edge. We reformulate this as the fact that for every hyperedge e ∈ λ(p), the set χ(p) − e is e-connected. Let p and p be two hinges of the decomposition. From the separation condition we know that there exists a hyperedge e ∈ λ(p) such that
So, if we have a hinge-tree decomposition of width k we also have a hinge-tree decomposition of width at most k which has a decomposition tree.
It follows from this that hinge-tree decompositions can be discovered using the algorithm described in Section 4 by choosing the predicate β on pairs of edge-defined guarded blocks which is defined as follows:
We remark that the width of a hinge-tree composed of minimal hinges (with respect to inclusion) is an invariant of a hypergraph called the degree of cyclicity [14] .
Example 5.12 A query decomposition [4] of a hypergraph H = V, E is a pair Ξ, T where Ξ is a complete edge-defined acyclic extended cover of H, and T is a join tree of Ξ that satisfies the following connectedness condition on the guards:
∀e ∈ E, { λ, χ ∈ Ξ | e ∈ λ} is connected in T.
Unlike the decomposition methods discussed earlier, this is not a local condition that can be captured by choosing a suitable binary predicate β. Indeed, determining whether H has a query decomposition of width 3 is known to be NP-hard [12] .
Example 5.13 A hypertree decomposition [11, 12] of a hypergraph H is a pair Ξ, T , where Ξ is an acyclic guarded cover and T = N, A is a rooted join tree of Ξ, which satisfies the following descendant condition:
Note that any edge-defined acyclic guarded cover satisfies this condition, but the guarded blocks of a hypertree decomposition are not required to be edge-defined. It was shown in [12] that hypertree decompositions can be tractably discovered using a recursive algorithm similar to the one defined in Section 4 above. The minimum width of any hypertree decomposition of a hypergraph H is called the hypertree width of H.
In view of Example 5.13, a rooted join tree for an arbitrary acyclic guarded cover is often called a generalised hypertree [13, 1, 2] . We have avoided this terminology here, and instead used the term "acyclic guarded cover", for two reasons: in order to emphasise the set of guarded blocks itself (rather than a particular choice of rooted join tree for it) and in order to indicate that a hypertree decomposition is just one of several possible specialisations of the general concept of acyclic guarded cover.
Comparing Decompositions
The relative strengths of different decomposition techniques derived from acyclic guarded covers can be compared using the measures developed by Gottlob et al [10] .
The class of hypergraphs having a guarded cover with width at most k in some fixed class ∆, will be denoted C(∆, k). 
We say that ∆ 1 strongly generalises ∆ 2 if ∆ 1 generalises ∆ 2 , and there exists k for which there does not exist l
In Section 5 we discussed the class of all edge-defined acyclic guarded covers. It is clear that this class generalises all the earlier edge-defined decompositions with additional conditions described in Section 5. Since any edge-defined acyclic guarded cover has an associated hypertree, this yields a direct proof of the fact (see Theorem 23 of Gottlob et al. [10] ) that hypertrees generalise each of these earlier decompositions, including query decompositions. (This is perhaps surprising, since hypertree decompositions are tractable to discover for any bound k on the width, whereas it is intractable to determine whether a hypergraph has a query decomposition, or an edge-defined acyclic guarded cover, of width at most 3, as has been shown by Gottlob et al. [12] .)
To the best of our knowledge, however, it is still an open problem whether hypertrees strongly generalise the entire class of edge-defined acyclic guarded covers.
In Section 7, we will introduce a new class of decompositions which we call spread-cut decompositions. As with hypertree decompositions, spread-cut decompositions are not edge-defined, they rely on the existence of a particular rooted tree. Spread-cut decompositions strongly generalise the biconnected-component, cycle-cutset, cyclehypercutset and hinge-tree decompositions described in Section 5. They also generalise the class of edge-defined acyclic guarded covers which have tree decompositions.
It has recently been shown that the hypertree width of any hypergraph is at most three times the minimal possible width of any acyclic guarded cover [2] . It follows that hypertrees cannot be strongly generalised by any class of acyclic guarded covers. Notwithstanding this result, we will show in Section 7 that, for some families of hypergraphs, the minimal width of a spread-cut decomposition is smaller than the hypertree width by some constant factor. Such an improvement allows the corresponding instances to be solved exponentially faster than by using hypertree decompositions.
Spread Cuts Definition 7.1 A guarded block b of a hypergraph H has unbroken components if each χ(b)-component of H meets (has non-empty intersection with) at most one (∪λ(b))-component of H.
Example 7.2 Consider again the hypergraph H AG defined in Example 2.5 and illustrated in Figure 1 . Now consider the guarded block b = λ, χ with λ = {e 2 , e 6 } and χ = {3, 6, 7, 9, 10}. It was shown in Example 4.9 that H has two χ-components, {4, 5} and {1, 2, 8}, and two (∪λ)-components, {4, 5} and {1, 8}. Since each χ-component meets (has non-empty intersection with) exactly one (∪λ)-component, it follows that b has unbroken components.
This special property of b relies on χ being "large enough". If we instead set χ = {3, 7, 10}, then it was shown in Example 4.9 that H has just one χ-component, {1, 2, 4, 5, 6, 8, 9}, and this meets both (∪λ)-components, so in this case the guarded block would not have unbroken components.
In general, the number of guarded blocks of a given hypergraph which have unbroken components is not polynomially bounded. For example, any guarded block λ, χ , where λ contains all of the edges of the hypergraph V, E , has no (∪λ)-components, and so has unbroken components, whatever choice is made for χ (and in this case there are 2 |V | choices for χ). Hence, if we are to use the algorithm β-DECOMPOSE, defined in Section 4, to discover decompositions into guarded blocks with unbroken components, then it will necessary to impose further conditions on the guarded blocks that we allow in these decompositions in order to ensure tractability. To describe these additional conditions we will now define the notion of a label for the vertices in a set of edges. That is,
Example 7.4 Consider again the hypergraph H AG defined in Example 2.5 and illustrated in Figure 1 . If we set λ = {e 2 , e 6 }, then (∪λ) = {2, 3, 6, 7, 9, 10}, and we have: Proof: If a guarded block λ, χ respects labels, then no vertex in χ has the same label as a vertex in (∪λ) − χ. Hence, the vertices in (∪λ) − χ are precisely the set of all vertices which have labels in some fixed set L (which may be empty). Moreover, if λ, χ also has unbroken components, then L only contains labels whose first component contains at most one element. In fact, for each edge e ∈ λ we can choose a (∪λ)-component, C e , such that
There are at most |V | choices for each of the k sets C e , so all possible choices for L can be enumerated in
Furthermore, each possible L has size at most 2 k+1 . Hence to enumerate all such guarded blocks of width k we can simply run through all the subsets λ of E with at most k edges, and all possible choices for L, set χ = {v ∈ (∪λ) | L λ (v) ∈ L}, and output all those pairs λ, χ which have unbroken components. An algorithm to do this is shown in Figure 3 .
To analyse the time complexity of this algorithm we make the following observations:
• There are (|E| + 1) k choices for λ in the outer loop.
• Step 2 (calculating (∪λ)-components) can be completed in O(|V | 3 ) time.
Types: H = V, E is a hypergraph; k is a positive integer.
Calculate the set of (∪λ)-components of H; 3.
Label each vertex v ∈ (∪λ); 4.
For each suitable set of labels L:
If λ, χ has unbroken components, then output λ, χ . Example 7.12 For each positive integer n we define a hypergraph H n as follows. The set of vertices of H n is the union of five disjoint sets:
The set of hyperedges of H n includes the following sets of binary edges, together with binary edges 5 linking each vertex in B to each vertex in K ∪ K ∪ S ∪ S :
The hypergraph H n also contains the following (non-binary) hyperedges:
The hypergraph H 1 is illustrated in Figure 5 . Now consider the following set of guarded blocks of H n , which we will denote Ξ n :
The set Ξ 1 is illustrated in Figure 6 The width of Ξ n is clearly 2n+1, since each guard contains 2n+1 hyperedges. Furthermore, it is straightforward to verify that Ξ n is an acyclic guarded cover for H n which has a decomposition tree. Now consider the χ-components and (∪λ)-components of the guarded blocks λ, χ ∈ Ξ. By symmetry, we only need to do this for one guarded block, for example:
With this choice of λ and χ, the (∪λ)-components of H n are {s j }, j = 2, . . . , n and K . The χ-components are {s j }, j = 2, . . . , n and K ∪ S . Hence each χ-component meets exactly one (∪λ)-component, so this guarded block has unbroken components. Now consider the labels of the elements of (∪λ):
The vertices of (∪λ) − χ are precisely the vertices of S , so we have shown that this guarded block respects labels.
Hence we have shown that Ξ n is a spread-cut decomposition of H n of width 2n + 1. However, we will show in Proposition 7.13 that the hypertree width of H n is at least 3n. Proof: We first define the following subsets of the edges of H n :
The two edge-defined guarded blocks whose edge sets are F ∪ {{k 1 , s j } | j = 1, . . . , n} and F ∪ {{k 1 , s j } | j = 1, . . . , n} form an acyclic guarded cover of H n of width 3n. Since any edge-defined acyclic guarded cover has an associated hypertree, we have shown that the hypertree-width of H n is at most 3n.
We will now show that there are no width 3n − 1 hypertree decompositions of H n . It has been shown (Proposition 18, Page 262 of Gottlob et al. [10] ) that a hypergraph H has a hypertree decomposition of width 3n − 1 if and only if it has a normal-form hypertree decomposition of width 3n − 1. The definition of a normal-form hypertree decomposition, given in Definition 17, Page 262 of Gottlob et al. [10] , may be reformulated as follows: a hypertree decomposition Ξ, T is in normal form if T is a decomposition tree whose root is edge-defined, and whenever p is the parent of
Let T be a decomposition tree of any width 3n − 1 acyclic cover Ξ of H n . It will be enough to prove that Ξ, T is not a normal-form hypertree decomposition of H n . Hence in the rest of this proof we shall assume, for contradiction, that Ξ, T is a normal-form hypertree decomposition of H n .
We first make two straightforward observations about the guarded blocks in Ξ:
• If p ∈ Ξ and B ⊆ χ(p) then p is a leaf of T .
This is because every vertex of H n is directly connected to every vertex in B − χ(p), so H n has at most one χ(p)-component, and hence T has at most one branch out of p. Assume first that there is no guarded block of Ξ whose block includes B. In this case, each guarded block of Ξ is a leaf of T , by the observation above, so |Ξ| ≤ 2. If we choose any p ∈ Ξ, then, by assumption, there is some x ∈ B − χ(p). All of the binary edges of H n containing x must be covered in the only remaining guarded block, p , of Ξ, so χ(p ) ⊇ K ∪ K ∪ S ∪ S . However, |K ∪ K ∪ S ∪ S | = 6n, no hyperedge of H n contains more than two vertices of K ∪ K ∪ S ∪ S , and |λ(p)| ≤ 3n − 1, so it is impossible for any such Ξ to cover all edges.
• If p ∈ Ξ and B ⊆ χ(p), then either F ⊆ λ(p) or F ⊆ λ(p).
This is because if
Hence we may assume that some guarded block of Ξ includes all the vertices of B in its block. The nodes of Ξ with this property form a connected subtree of T , so we can choose a unique p ∈ Ξ such that B ⊆ χ(p) and p has no ancestor with this property. By the observation above, and by symmetry, we can also assume without loss of generality that F ⊆ λ(p).
We will now show that p is edge-defined. If p is the root of T then it is edge-defined by the definition of normal form. Otherwise the parent s of p is a leaf (by the choice of p and the fact that all non-leaves must include B in their block). So s must be the root of T , and p must be its unique descendant. In this case χ(p) = (∪λ(p)) ∩ (χ(s) ∪ χ(br s (p))) because Ξ, T is in normal form. Since χ(s) ∪ χ(br s (p)) includes all vertices of H n , we again see that p is edge-defined.
The set λ(p) − F contains at most n − 1 hyperedges, and so cannot cover all of K . Let y ∈ K − χ(p). None of the edges of H n in the set {y} × (B ∪ K ∪ S ) are covered by p. Furthermore, these edges are χ(p)-connected in H n , and T is a join tree of an acyclic cover, so all of these edges are covered by guarded blocks in a single branch out of p. Let s be the neighbour of p in this branch.
If B ⊆ χ(s) then, as before, s is a leaf and this branch cannot cover all these edges, so T is not a cover. Hence we may assume that B ⊆ χ(s), which implies that either F ⊆ λ(s) or F ⊆ λ(s), by the observation above.
Furthermore, since T is a join tree, there cannot be an edge from χ(br p (s)) − χ(s) to χ(p) − χ(s), so we know that K ⊆ χ(s), and hence F ⊆ χ(s).
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The set λ(s) − F contains at most n − 1 hyperedges, and so cannot cover all of S . Hence χ(s) cannot cover all hyperedges in {y} × S . Any such edge not covered joins χ(br p (s)) − χ(s) to χ(p) − χ(s), and so cannot be covered below s because T is a join-tree.
Hence the guarded blocks of Ξ cannot cover all edges of H n , which gives the required contradiction.
Conclusion and Discussion
We have introduced the general notion of a guarded decomposition and shown how it can be used to describe many known tractable structural subproblems of the CSP. We have then defined a new form of decomposition, the spreadcut decomposition, which sits in much the same place in the generalisation hierarchy as hypertrees. We have shown that spread-cut decompositions can be used to define tractable structural classes of the CSP and that for some classes of hypergraphs they allow us to obtain decompositions with a smaller width than any hypertree decomposition.
A number of open questions remain:
• Is there a family of hypergraphs for which the hypertree width is smaller than the width of the best spread-cut decomposition by some constant factor?
• Do hypertree decompositions strongly generalise the class of all edge-defined acyclic covers?
• Do spread-cut decompositions generalise the class of all edge-defined decompositions?
• Can the conditions on spread-cut decompositions be relaxed? In particular, does the existence of any acyclic guarded cover where every guarded block has unbroken components guarantee the existence of a spread-cut decomposition with the same width?
It is somewhat surprising that we can achieve nearly the same generalisation results as hypertrees with a decomposition that only allows polynomially many distinct guarded blocks for any hypergraph. More surprising still is that we have shown that these spread-cut decompositions can have arbitrarily smaller width than the best edge-defined decomposition. We believe that this is still an open question for hypertree decompositions.
